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The current-carrying steady-state that arises in the middle of a metallic wire connected to macro-
scopic leads is characterized regarding its response functions, correlations and entanglement entropy.
The spectral function and the dynamical structure factor show clear non-equilibrium signatures ac-
cessible by state-of-the-art techniques. In contrast with the equilibrium case, the entanglement
entropy is extensive with logarithmic corrections at zero-temperature that depend on the wire-leads
coupling and, in a non-analytic way, on voltage. This shows that some robust universal quantities
found in gapless equilibrium phases do not persist away from equilibrium.
PACS numbers: 73.23.-b, 05.60.Gg, 05.70.Ln
Current-carrying steady-states (CCSS) are characterized
by a steady flow of equilibrium-conserved quantities, such
as energy, spin or charge. Of direct relevance to trans-
port experiments are steady currents generated by cou-
pling a system to reservoirs at different thermodynamic
potentials. The resulting CCSS are thermodynamically
unbalanced, i.e. do not fulfill equilibrium fluctuation
dissipation relations [1, 2]. CCSS in one or quasi-one-
dimensional systems are of relevance in many fields, in-
cluding charge and spin transport in electronic devices
and in cold atom setups.
Due to kinetic constraints, accounting for relaxation
in one dimension requires to go beyond 2-body interac-
tion terms and explicitly account for 3- and higher-body
collisions [3–5] and thus may be neglected for weakly in-
teracting clean samples. For non-interacting electrons
on a wire, ideal reservoirs can be mimicked by inject-
ing particles from plus and minus infinity with a given
energy distributions[6–9]. This ideal conditions, alluded
to as Landauer reservoirs [10, 11], yield to a local en-
ergy distribution function that is the average of those of
the leads. A series of studies featuring non-equilibrium
Luttinger liquids [12–17] found that interaction-induced
dephasing may smear the local energy distribution even
in the absence of relaxation. In the presence of a strong
enough relaxation the system is expected to equilibrate
locally. Treatments based on the Boltzaman equation
have been used to obtain the distribution function of the
charge carriers in this regime [3–5, 18–20].
Experiments featuring CCSS, designed to access the lo-
cal energy distribution of charge caries, were performed
using tunneling spectroscopy in mesoscopic wires [21–
23] and carbon nanotubes [24]. The local energy dis-
tribution, measured in the center of the wire, was re-
ported to exhibit a characteristic double step form re-
sulting from contribution of both Fermi functions of the
electronic leads. The sharp steps seen at low temper-
atures are smeared out as temperature increases or in
the presence of electron-electron interactions, disorder or
electron-phonon coupling.
The study of current-carrying states recently became
available for cold atomic setups [25]. Mainly motivated
by these advances, a rather different body of works inves-
tigated the time evolution of two initially disconnected
semi-infinite wires held at different equilibrium condi-
tions. After the two wires are connected a CCSS forms
around the connection point. This central region grows
with time, with the remaining parts of the wire acting
essentially as reservoirs. At large times a translational
invariant CCSS is locally observed [26–35]. Interestingly,
some of the properties of the CCSS created in this way,
in particular the momentum-resolved electronic distribu-
tion, are similar to the CCSS obtained using a Landauer
description [26, 29–33, 36]. Furthermore, in both cases,
the entanglement entropy of a region in the middle or the
wire yields to the same universal result as in equilibrium.
Recently, momentum-resolved spectroscopic measure-
ments became available for non-equilibrium electronic
systems [37, 38]. Since to the same local energy spec-
trum may correspond various momentum distributions,
this developoments allows a better characterization of the
state and may shed some light on discrepancies between
existing theoretical predictions and experimental find-
ings. In addition, transport experiments in cold atomic
setups [25] allow to access a set of physical quantities
that are difficult to study in solid-state devices. These
developments urge for a better theoretical understand-
ing of thermodynamically unbalanced CCSS, beyond the
local energy distribution function, that is currently still
unavailable.
This work addresses the CCSS realized on a finite
metallic wire coupled to metallic leads at different tem-
peratures and chemical potentials. The lead-wire cou-
plings are treated explicitly as they induce additional re-
flections that change the energy distribution of the carries
[6, 7]. At equilibrium, the system can be described by an
one dimensional electron-gas as we assume no electron-
electron interactions or disorder to be present. Our ap-
proach describes the low energy sector where the dis-
persion relation is essentially linear and the reservoirs’
chemical potentials and temperatures are much smaller
that the wire’s bandwidth. We study the one- and two-
point functions and analyze the entanglement content in
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Figure 1. (a) Schematics of the setup. (b) Tight-binding chain
coupled to reservoirs. (c) Dispersion relation of the tight-
binding chain, εk, linearized around the Fermi-momentum,
kF, defined such that εkF = (µL + µR) /2, with V = µL − µR
and ∆ = a0V/v.
the wire’s central region.
Model and Results. - Consider the setup of a Fig.1-(a)
depicting a 1d fermionic gas on a wire of length L at-
tached to external leads. In the wire, we assume fermions
to have an approximately linear dispersion, with velocity
v, within a window of size 2Λ around the Fermi points.
The effective Hamiltonian of the isolated metallic wire,
valid for energies scales below vΛ, is given by
H = −iv
ˆ
dxΨ† (x)σz∂xΨ (x) , (1)
where Ψ (x) = {ψL (x) , ψR (x)}T , with ψl=L,R (x) cor-
responding to the left and right moving fermions with{
ψl (x) , ψ
†
l′ (x
′)
}
= δll′δ (x− x′). At position xL = 0
and xR = L the boundary conditions are given by
ψL (xl) = e
iφlψR (xl) with phase shift φl. To model the
leads we assume that the extremities of the wire are con-
nected to fermionic reservoirs within a region of length
a  L such as in Fig.1-(a). The reservoirs are assumed
to be metallic, with a bandwidth much larger than any
characteristic energy scale of the wire. Their chemical
potentials µl=L,R and temperatures Tl=L,R = β−1l=L,R are
taken to be much smaller than the energy cutoff vΛ. The
hybridization of the wire with reservoir l is character-
ized by the energy scale avγl, see [39]. The correspond-
ing timescale (avγl)
−1 gives the characteristic time for
a particle in region Il=L,R to escape the reservoir l. In
the following we set µL − µR = V ≥ 0 without lost of
generality.
To help validate our analytic treatment we present
a set of numerical results for a tight-binding model
on a chain of N sites, with Hamiltonian HTB =
−t∑Nr=1 c†rcr+1 + h.c., coupled at the two end sites to a
wide-band reservoir, as in Fig.2-(b). The reservoir l intro-
duces an hybridization energy scale Γl = pit2lDl, where tl
is the chain-reservoir hopping and Dl is the local density
of states of the reservoir [39, 40]. The average Fermi mo-
mentum kF is defined such that εkF = εF = (µL + µR) /2,
thus for q smaller than Λ: εk ' εF ± vq and cr '
eikFrψL (a0r)+e
−ikFrψR (a0r), with k = ±kF+a0q and a0
the lattice constant, see Fig.2-(c). Further identification
between the continuum and tight-binding models yield
to: N = La−10 , kF = arccos (−εF/2t), v = 2a0t sin kF.
and φL = 2kF − pi, φR = −2kFLa−10 − pi. The rela-
tion aγl = 14 ln
(
−Γ2l t−2−2t−1 sin kFΓl+1
Γ2l t
−2+2t−1 sin kFΓl+1
)
between the hy-
bridization constants can be derived by matching the
imaginary part of the wave vectors [39].
In order to address the properties of the steady-
state that forms under the conditions described above
we compute the retarded (R), advanced (A) and
Keldysh (K) components of the Green’s function in
the frequency domain. The wide-band nature of the
reservoirs considerably simplifies our treatment [40].
In this case, the retarded Green’s function is given
by GR (ω;x, x′) = 〈x| (ω −K)−1 |x′〉, where K =´
dx |x〉 − iv
[
σz∂x +
∑
l=L,R γlΘ [|x− xl| − a]
]
〈x| is a
non-hermitian operator describing a single particle on a
wire with particle sinks in regions Il=R,L. K is diag-
onalized by left and right eigenvectors
〈
ψ˜n
∣∣∣ and |ψn〉,
with eigenvalues λn = vqn. In position space
〈
ψ˜n |x〉
and 〈x |ψn〉 are plane waves, with a complex valued mo-
mentum qn, for x within the regions Il=R,0,L defined in
Fig.1-(a). The wave amplitudes within each region and
the quantization condition qn ≡ − 12L (φL − φR) + pinL −
iaγL+γRL , with n ∈ Z, are determined by imposing bound-
ary conditions at x = 0, L, the continuity of the wave
functions at x = a, L − a and the normalization of the
wave-functions
〈
ψ˜n |ψn′〉 = δnn′ . The Keldysh compo-
nent of the Green’s function in the steady state, given
by GK = GRΣKGA, can also be obtained explicitly
using essentially the same procedure [39]. For conve-
nience, in the following we analyze the hermitian ma-
trices ρ− = −
[
GR −GA
]
/2pii and ρ+ = GK/ (−2pii)
rather than the Green’s functions.
We concentrate in the middle region of the wire
in the limit L → ∞, in which case the quantities
ρ±bulk (ω;x, x
′) ≡ limL→∞ ρ± (ω;x+ L/2, x′ + L/2) be-
come translational invariant, for finite x and x′, and their
Fourier components are given by
ρ±bulk (ω, q) = diag
{
ρ±L (ω, q) , ρ
±
R (ω, q)
}
(2)
with ρ−L/R (ω, q) = δ (ω ∓ vq) and ρ+l (ω, q) =
[1− 2nl (ω)] ρ−l (ω, q), for |q| < Λ, and where
nl (ω) =
bl
eβl(ω−µl) + 1
+
(1− bl)
eβl¯(ω−µl¯) + 1
(3)
is the energy distribution function of the l-movers, with
R¯ = L , L¯ = R, aγL = 14 ln
1−bR
1−bL and aγR =
1
4 ln
bL
bR
.
Since V ≥ 0 we have that bL ≥ bR. In [39] we provide
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Figure 2. (a) Jk (ω) = −i 12piG<k (ω), proportional to the tran-
sition rate measured by angle-resolved photo emission, for
TL, TR = 0. (b) Momentum resolved occupation number nk
given for TL = TR = 0 (blue) and TL > TR 6= 0 (red). (c)
Extensive coefficient of the entanglement entropy γV and the
logarithmic correction γ˜V computed for set of points {ΓL,ΓR}
given in the inset following the color code. The second in-
set depicts the corresponding {bL, bR} values. The numerical
values obtained for the tight-binding model with εF = .3t,
V = .2t, and TL = TR = 0 are compared with the low energy
theory predictions (black line).
additional results for x and x′ near the extremities of
the wire, where the state is not translational invariant
in the L → ∞ limit. Using the correspondence with
the continuum model, the tight-binding Green’s func-
tions Gαrr′ (ω), or equivalently the quantities ρ
±
rr′ (ω), are
given by ρ±rr′ (ω) =
´ pi
−pi
dk
2piρ
±
k (ω) e
ik(r−r′), for r and r′ in
the middle of the wire, where
ρ±k (ω) = ρ
±
L
[
ω, (k − kF) a−10
]
Θ (|k − kF| − Λa0)
+ ρ±R (ω, k + kF) Θ (|k + kF| − Λa0) . (4)
Due to the quadratic nature of the model, these quanti-
ties can be used to compute all correlations and response
functions restricted to the center of the wire and to low
energies. In particular, the single-particle density matrix
%rr′ (t) =
〈
c†r (t) cr′ (t)
〉
, that in the steady state is given
by %rr′ = −pi
´
dω
2pi ρ
+
r′r (ω) +
1
2δrr′ , can be approximated
by
%rr′ ' %r−r′ =
ˆ pi
−pi
dk
2pi
e−i(r−r
′)knk, (5)
with
nk = nL
[
v
a0
(k − kF )
]
Θ (|k − kF| − Λa0)
+ nR
[
v
a0
(−kF − k)
]
Θ (|k + kF| − Λa0) , (6)
the occupation number of momentum k. This rela-
tions can be complemented by nk = 0 or nk = 1 away
from the range of validity of the low energy theory, i.e.
|k ± kF| > Λa0. Fig. 2-(b) shows nk for TL, TR = 0
and for finite but distinct TL and TR. For finite V
there is a double step structure around each Fermi point
with width ∆ = a0V/v and height bL (bR) for k near
kF (−kF). A single step per Fermi point is recovered
in three different cases: for reflection-less leads, with
bL = 1, bR = 0, reproducing the results obtained using
Landauer reservoirs; when one of the leads effectively de-
couples, bL = 1, bR = 1 (bL = 0, bR = 0), i.e. the wire
coupling to the left (right) lead is much larger than that
of the right (left), in which case the wire distribution
function becomes that of the lead which strongly couples
to the system. The steps are smoothen with the tem-
perature associated to the respective of the reservoirs.
For TL, TR 6= 0, %r ∝ e−|r|/ξ decays exponentially in
r, with a temperature-dependent characteristic length ξ
that diverges as TL or TR vanish. For TL, TR = 0, one
obtains %r = 1r
{
sin
(
∆r
2
) [
(bL − 1) e−irkF + bReirkF
]
+
e−
1
2 i∆r sin (rkF)}, corresponding to a 1/r decay as in
the equilibrium T = 0 case. For reflection-less leads,
i.e. bL = 1, bR = 0 , the argument of %r becomes linear
in r: arg (%r) = − 12∆r as observed in the CCSS formed
after a quench in the Refs. [26, 28]. The local distribu-
tion function, as measured by tunneling spectroscopy, is
nlocal (ω) = [nR (ω) + nL (ω)] /2, which for equal contacts
(i.e. bL + bR = 1) becomes independent on bl. Tunneling
spectroscopy measurements performed with similar con-
tacts can therefore be insensitive to some of the features
of nk. The particle current J = −it
〈
c†rcr+1 − c†r+1cr
〉
,
given in the low energy sector by J ' 12pi (bL − bR)V , is
independent of v and of the temperature, assuming for
consistency ∆ 1.
In addition to static quantities the CCSS is char-
acterized by its dynamic correlators. Fig. 2-(a) de-
picts the one point function Jk (ω) = −i 12piG<k (ω) =
1
2
[
ρ−k (ω)− ρ+k (ω)
]
, that is proportional to the tran-
sition rate as measured by angle-resolved photo emis-
sion. For |ω| < Λv it can be approximated by Jk (ω) '
nk
{
δ
[
ω − va−10 (k − kF)
]
+ δ
[
ω + va−10 (k + kF)
]}
, thus
the step structure of Fig. 2-(a) is the same of nk. Even at
zero temperature, there is a non-vanishing probability of
finding a particle above εF for V > 0 and thus Jk (ω > 0)
does not vanish.
We now turn to the entanglement properties of the
CCSS. The entanglement entropy of a region Σ is de-
fined as SΣ = −tr (ρˆΣ ln ρˆΣ) where ρˆΣ = trΣ¯ρˆ is ob-
tained from the total density matrix ρˆ by trancing out
the degrees of freedom belonging to Σ¯, the complement
of Σ. In the following we consider a region Σ` of size
` in the center of the wire and we denote S` = SΣ` .
Since the model is Gaussian S` = tr [s (%`)] , with
s (ν) = −ν ln ν−(1− ν) ln (1− ν), can be computed from
4the single particle density matrix %` =
∑
rr′∈Σ` |r〉 %rr′ 〈r|
restricted to Σ` . S` can be calculated, following Ref.
[41], using asymptotic results for approximating deter-
minants of Toplitz matrices, valid in the ` → ∞ limit.
For TR, TL 6= 0 we find, employing Szegö’s limit theo-
rem, S` = −`
∑
l
´∞
−∞
dk
2pi s [nk] + γA, where γA is an `
independent constant. For the case TR, TL = 0 we have
to appeal to the Fisher-Hartwing conjecture (see [41])
for the case of Fig.2-(b)-(blue line) where nk has four
discontinuities rather then the two present at equilib-
rium. Flowing the same steps as in Ref. [41] we obtain,
(see [39]), S` ' γV` + γ˜V ln (`) + γA + O (1/`), where
γV =
a0V
2piv [s (bL) + s (bR)] is the coefficient of the volume
term, and γ˜V = 13 − s˜ (bL)− s˜ (bR) with
s˜ (b) =
1
24
+
1
4pi2
[(2b − 1) [Li2 (1− b)− Li2 (b)]
+ (1− b) log2 (1− b) + b log2 (b) + log (b) log (1− b)] ,
is the coefficient of the logarithmic correction that
is voltage-independent. The mutual information
S (A,B) = SA + SB − SA+B between two adjacent seg-
ments of length `/2, is given by S (A,B) = γ˜V ln (`) +
γA − 2γ˜V ln (2) +O (1/`). Here the volume term cancels
and we can easily access γ˜V numerically. Fig.2-(c) shows
γV and γ˜V as a function of the hybridization along a path
in the ΓL − ΓR plane as well as the corresponding values
in the bL − bR plane. With increasing system size the
numerical results obtained for the tight-binding model
converge to the analytic predictions. γV and γ˜V vary in
the opposite sense - a large volume term corresponds to a
small mutual information content. The maximum value
γ˜V = 1/3, obtained at equilibrium, is attained for V > 0
whenever bL and bR are such that only two discontinuities
arise in nk, in which case γV = 0. For a generic point on
the bL−bR plane with γ˜V 6= 1/3 the limit V → 0 is singu-
lar since for V = 0, and only at that point, one recovers
the equilibrium value γ˜V = 1/3 (numerics shown in [39]).
This singularity prohibits the calculation of the entangle-
ment entropy perturbatively in V and thus this quantity
cannot be obtained from linear response arguments.
Finally we analyze the two-point density-density cor-
relations and response functions of the CCSS encoded
in the lesser and grater components of the charge sus-
ceptibility χ>rr′ (t, t
′) = −i 〈nˆr(t)nˆr′(t′)〉, χ<rr′ (t, t′) =
−i 〈nˆr′(t′)nˆr(t)〉. As for the one point function, for r, r′ in
the central region of the wire, χ><rr′ become approximately
translational invariant. In this regime, the Fourier trans-
formed quantities χ±p (ν) = − 12pii
[
χ>p (ν)± χ<p (ν)
]
are
given by
χ±p (ν) =
[
χ±LL
(
ν, a−10 p
)
+ χ±RR
(
ν, a−10 p
)]
+ χ±LR
[
ν, a−10 (p− 2kF )
]
+ χ±RL
[
ν, a−10 (p+ 2kF )
]
, (7)
where the first two terms correspond to low momentum
(|p| < a0Λ) and the last two terms to 2kF contributions
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Figure 3. (a) Dynamical structure factor Sp (ν) = iχ>p (ν),
directly accessible by neutron scattering. (b) Wight of the δ-
function Z for the positive (blue) and negative (green) velocity
branches near k = 0. The red line depicts the equilibrium,
i.e. V = 0, result.
(|p− 2kF| < a0Λ and |p− 2kF| < a0Λ) and where
χ+ll (νq) =
1
2v
δ (ν ∓ vq)
ˆ
dω
2pi
[1− Fl (ω)Fl (ω − ν)] ,
χ+
ll¯
(νq) =
1
4piv
[
1− Fl
(±vq + ν
2
)
Fl¯
(±vq − ν
2
)]
,
χ−ll (νq) =
1
2v
δ (ν ∓ vq)
ˆ
dω
2pi
[Fl (ω)− Fl (ω − ν)] ,
χ−
ll¯
(νq) =
1
4piv
[
Fl
(±vq + ν
2
)
− Fl¯
(±vq − ν
2
)]
,
where the upper (lower) signs are for l = R (l = L) and
Fl (ω) = 1 − 2nl (ω). The dynamical structure factor
Sp (ν) = iχ
>
p (ν), that can be directly accessed by neu-
tron scattering is shown is Fig. 3 for TL = TR = 0. As
in equilibrium, the contribution at low momentum is co-
herent, but the δ-function weight Z acquires a nontrivial
dependence on frequency as seen in the inset. Contri-
butions near ±kF, form the particle-hole excitation con-
tinuum, also develop a step like structure dependent on
bL and bR that gets smeared out at finite temperatures.
In the reflection-less case bL = 1, bR = 0 the particle-
hole continuum is simply shift up (down) in energy for
positive (negative) momentum.
Conclusion. - The properties of a CCSS in a thermody-
namically unbalanced one-dimensional system are found
to crucially depend on the coupling to the leads thought
the double-step form of the momentum occupation num-
ber near each Fermi point. This feature imprints a clear
signature to the one- and two-point functions that are
accessible by state-of-the-art angle-resolved photo emis-
sion and neutron scattering and can be used to charac-
terize the non-equilibrium state. For a generic CCSS, the
entanglement entropy is found to be extensive and pro-
portional to the applied voltage. At zero temperature,
the logarithmic pre-factor of the mutual information of
two adjacent segments shows that their mutual entangle-
ment is never larger than at equilibrium, being singular
at V = 0 and voltage-independent for |V | > 0. There-
5fore, the equilibrium result, that can be obtain by con-
formal filed theory arguments for gapless one-dimensional
phases with unit central charge, does not hold away from
equilibrium. This suggest that the physics away from
equilibrium may be ruled by low energy fixed point the-
ories fundamentally different from the equilibrium ones.
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Steady-state properties of a thermodynamically unbalanced Fermi gas
Pedro Ribeiro1
1CeFEMA, Instituto Superior Técnico, Universidade de Lisboa Av. Rovisco Pais, 1049-001 Lisboa, Portugal
In the following supplemental material we provide additional details of the analytical and numerical analysis per-
formed in the main text. In particular we provide: a derivation of the relations between quantities of the tight-binding
and of the continuum model; the derivation of the retarded, advanced and Keldysh Green’s functions, and, of the
infinite volume limit; we also provide additional the numerical results, for finite and infinite volume, of the one-point
function; we present the detailed derivation of the entanglement entropy and give some additional numerical results;
and we derive of the two-point function.
1 – IDENTIFICATIONS WITH THE TIGHT-BINDING MODEL I - GREEN’S FUNCTIONS
1.1 – Green’s functions
Using that, in the low energy sector, cr ' eikFrψL (a0r) + e−ikFrψR (a0r) the Green’s function of the tight-binding
model on the Keldysh contour can be approximated by
Grr′ (z, z
′) ≡ −i
〈
Tγcr (z) .c
†
r′ (z
′)
〉
' ( eikFr e−ikFr ) .G (zra−10 , z′r′a−10 ) .( e−ikFr′eikFr′
)
, (SM–1)
where
G (zx, z′x′) ≡ −i 〈TγΨ (zx) .Ψ† (z′x′)〉 , (SM–2)
is the continuum Green’s function and Tγ is the time ordered operator for two times z and z′ on the Keldysh contour
γ. We use the standard definitions of larger and lesser Green’s functions, G>(<) (tx, t′x′) ≡ G (tx, t′x′) for z = t
(z′ = t′) coming after z′ = t′ (z = t) along γ, and
GR(tx, t′x′) ≡ Θ(t− t′) [G>(tx, t′x′)−G<(tx, t′x′)] , (SM–3)
GA(tx, t′x′) ≡ −Θ(t′ − t) [G>(tx, t′x′)−G<(tx, t′x′)] , (SM–4)
GK(tx, t′x′) ≡ G>(tx, t′x′) + G<(tx, t′x′). (SM–5)
Below we will use the notation Ga(tx, t′x′) = 〈x|Ga(t, t′) |x′〉, for a = R,A,K, and in the steady-state we define
Ga (ω) =
´
dω
2pi e
iω(t−t′)Ga (t, t′) . For convenience we work with the quantities
ρ− (ω) = −
[
GR (ω)−GA (ω)
]
/ (2pii) , (SM–6)
ρ+ (ω) = −GK (ω) / (2pii) , (SM–7)
rather than the Green’s functions themselves. These are proportional to the spectral function and to the imaginary
part of the Keldysh Green’s function, respectively, and encode the same physical information. Note that defined in
this way both ρ± are hermitian matrices (ρ±)† = ρ±. As in Eq.(SM–1), we also have the relation
ρ±rr′ (ω) '
(
eikFr e−ikFr
)
.ρ±
(
ω; ra−10 , r
′a−10
)
.
(
e−ikFr
′
eikFr
′
)
, (SM–8)
between continuum and tight-binding quantities.
72 – SINGLE PARTICLE CORRELATION FUNCTIONS
2.1 – Self-energies
The reservoirs are assumed to be metallic with a bandwidth much larger than any characteristic energy scale of the
wire. In this limit the retarded (R) and advanced (A) components of the systems’s self-energy due to the reservoir l
are given by (see [40])
Σ
R/A
l (ω;xx
′) = ∓iδ (x− x′) v γlΘ [|x− xl| − a]
where Θ (x) is the Heaviside theta-function, γl is a constant that characterizes the hybridization of the wire with
reservoir l. Since the reservoirs are taken to be at thermal equilibrium the Keldysh (K) component is given by
ΣKl (ω;xx
′) = tanh
[
βl
2
(ω − µl)
] [
ΣRl (ω;xx
′)− ΣAl (ω;xx′)
]
.
The total self-energy is the sum of the contributions of both reservoirs ΣR/A/K =
∑
l Σ
R/A/K
l .
2.2 – Diagonalization of the K operator
Following Ref.[40] we can write the retarded steady-state Green’s function in the wide band approximation as
GR (ω) = (ω −K)−1, where the operator K is given by
K =
ˆ
dx |x〉
[
−ivσz∂x − iv σ0
∑
l
γlΘ (|x− xl| − a)
]
〈x| , (SM–1)
with boundary conditions imposed by Sl 〈xl |ψ〉 = 〈xl |ψ〉 with
Sl =
(
0 eiφl
e−iφl 0
)
. (SM–2)
For |ψ〉 and
〈
ψ˜
∣∣∣, respectively right and left eigenvectorsK, the relations 〈x|K |ψ〉 = λ 〈x |ψ〉 and 〈ψ˜∣∣∣K |x〉 = λ〈ψ˜ |x〉
imply that, for x within the regions Il=R,0,L, defined in Fig.1-(a) in the main text,
〈x ∈ Il |ψ〉 =
(
Ale
i(q+iγl)x
Ble
−i(q+iγl)x
)
; (SM–3)〈
ψ˜ |x ∈ Il〉 =
(
A˜le
−i(q+iγl)x B˜lei(q+iγl)x
)
; (SM–4)
with λ = vq and γ0 = 0. From the boundary conditions at xL = 0 and xR = L we have
BL = e
−iφLAL; (SM–5)
BR = e
−iφRe2i(q+iγR)LAR; (SM–6)
B˜L = e
iφLA˜L; (SM–7)
B˜R = e
iφRe−2i(q+iγR)LA˜R. (SM–8)
In the same way, by ensuring the continuity of the wave function at x = a and x = L− a we obtain(
ALe
i(q+iγL)a
BLe
−i(q+iγL)a
)
=
(
A0e
iqa
B0e
−iqa
)
; (SM–9)(
A0e
iq(L−a)
B0e
−iq(L−a)
)
=
(
ARe
i(q+iγR)(L−a)
BRe
−i(q+iγR)(L−a)
)
; (SM–10)(
A˜Le
−i(q+iγL)a B˜Lei(q+iγL)a
)
=
(
A˜0e
−iqa B˜0eiqa
)
; (SM–11)(
A˜0e
−iq(L−a) B˜0eiq(L−a)
)
=
(
A˜Re
−i(q+iγR)(L−a) B˜Rei(q+iγR)(L−a)
)
; (SM–12)
8Combining these results yields to
A0 = B0e
iφLe−2γLa; (SM–13)
A0 = B0e
−2iqLeiφRe2γRa; (SM–14)
A˜0 = B˜0e
−iφLe2γLa; (SM–15)
A˜0 = B˜0e
−iφRe2iqLe−2γRa. (SM–16)
Solving for the amplitudes of the central region one obtains(
1 eiφLe−2γLa
e2iqLe−iφRe−2γRa 1
)(
A0
B0
)
= 0 (SM–17)
corresponding to the quantization condition
1− ei(φL−φR)e−2(γLa+γRa)e2iqL = 0, (SM–18)
i.e.
qn = − 1
2L
(φL − φR) + pin
L
− iaγL + γR
L
, (SM–19)
with n ∈ Z. Finally the normalization condition〈
ψ˜n |ψn〉 =
(
A˜0A0 + B˜0B0
)
L = 2B˜0B0L = 1 (SM–20)
yields to
〈x ∈ IL |ψ〉 = 1√
2L
(
e(a−x)γL+iqx
e(a+x)γL−i(φL+qx)
)
(SM–21)
〈x ∈ I0 |ψ〉 = 1√
2L
(
eiqx
e−i(2iaγL+φL+qx)
)
(SM–22)
〈x ∈ IR |ψ〉 = 1√
2L
(
e−γR(a−L+x)+iqx
e−γR(a+L−x)+i(2Lq−qx−φR)
)
(SM–23)
and 〈
ψ˜ |x ∈ IL〉 = 1√
2L
(
e(x−a)γL−iqx ei(i(a+x)γL+φL+qx)
)
(SM–24)〈
ψ˜ |x ∈ I0〉 = 1√
2L
(
e−iqx ei(2iaγL+φL+qx)
)
(SM–25)〈
ψ˜ |x ∈ IR〉 = 1√
2L
(
eγR(a−L+x)−iqx eγR(a+L−x)−2iLq+iqx+iφR
)
(SM–26)
2.3 – Retarded and advanced Green’s functions
Using the previously obtained eigensystem of K, the retarded and advanced components of the Green’s function
for x, x′ ∈ I0 are given by
〈x|GR (ω) |x′〉 = 1
2L
∑
n
(
eiφLe−2aγLeiqnx
e−iqnx
)
1
ω − vqn
(
e−iφLe2aγLe−iqnx
′
eiqnx
′ ) (SM–27)
and GA (ω) =
[
GR (ω)
]†
. The sum over the quantized qn’s can be replaced by the contour integral
1
2L
∑
n
eiqnx
ω − vqn =
ffi
zi
dq
2pi
eiqnx
ω − vqn z± (q) =
i
v
z±
(
ωv−1
)
eiωv
−1x, (SM–28)
where
z± (q) =
±1
e±[2iqL−2a(γL+γR)+i(φL−φR)] − 1 , (SM–29)
9for x > 0 or x < 0 respectively, can be chosen in order to render the integral convergent once the contour is deformed.
Using this identity we obtain
〈x|GR (ω) |x′〉 = i1
v
[
Θ (x− x′)
(
z+
(
ωv−1
)
eiωv
−1(x−x′) eiφLe−2aγLz+
(
ωv−1
)
eiωv
−1(x+x′)
e−iφLe2aγLz−
(
ωv−1
)
e−iωv
−1(x+x′) z−
(
ωv−1
)
e−iωv
−1(x−x′)
)
+Θ (x′ − x)
(
z−
(
ωv−1
)
eiωv
−1(x−x′) eiφLe−2aγLz+
(
ωv−1
)
eiωv
−1(x+x′)
e−iφLe2aγLz−
(
ωv−1
)
e−iωv
−1(x+x′) z+
(
ωv−1
)
e−iωv
−1(x−x′)
)]
(SM–30)
The spectral function is thus given by
〈x|ρ− (ω) |x′〉 = 1
2piv
sinh (2aγL)
sinh [2a (γL + γR)]
(
e2aγRuL,0
(
ωv−1
)
eiωv
−1(x−x′) eiφLuL,−2
(
ωv−1
)
eiωv
−1(x+x′)
e−iφLuL,2
(
ωv−1
)
e−iωv
−1(x+x′) e−2aγRuL,0
(
ωv−1
)
e−iωv
−1(x−x′)
)
1
2piv
sinh (2aγR)
sinh [2a (γL + γR)]
(
e−2aγLuL,0
(
ωv−1
)
eiωv
−1(x−x′) eiφLuL,0
(
ωv−1
)
eiωv
−1(x+x′)
e−iφLuL,0
(
ωv−1
)
e−iωv
−1(x+x′) e2aγLuL,0
(
ωv−1
)
e−iωv
−1(x−x′)
)
(SM–31)
where we defined
uL,n (q) = − e
i[qL+ 12 (φL−φR)]n sinh [2a (γL + γR)]
cos [2qL+ (φL − φR)]− cosh [2a (γL + γR)] . (SM–32)
In the limit L→∞ one has that, for a regular function f (q) and  > 0 independent of L,
lim
L→∞
1
2
ˆ q+
q−
dq′ uL,n (q′) f (q′) = un f (q) (SM–33)
with
u0 = 1 (SM–34)
u±1 = 0 (SM–35)
u±2 = e−2a(γL+γR) (SM–36)
Using these limiting identities, for |x| , |x′|  L/2 and L → ∞, we can obtain the behavior of the spectral function,
deep into the wire or closer to the boundaries:
〈x|ρ−bulk (ω) |x′〉 ≡ 〈x+ L/2|ρ− (ω) |x′ + L/2〉 =
1
2piv
(
eiωv
−1(x−x′) 0
0 e−iωv
−1(x−x′)
)
(SM–37)
〈x|ρ−left (ω) |x′〉 ≡ 〈x|ρ− (ω) |x′〉 =
1
2piv
(
eiωv
−1(x−x′) eiφL−2aγLeiωv
−1(x+x′)
e−iφL−2aγLe−iωv
−1(x+x′) e−iωv
−1(x−x′)
)
(SM–38)
〈x|ρ−right (ω) |x′〉 ≡ 〈x+ L|ρ− (ω) |x′ + L〉 =
1
2piv
(
eiωv
−1(x−x′) eiφR−2aγReiωv
−1(x+x′)
e−iφR−2aγRe−iωv
−1(x+x′) e−iωv
−1(x−x′)
)
(SM–39)
2.4 – Keldysh Green’s functions
In the steady state, the Keldysh component of the Green’s function is given by GK = GRΣKGA with ΣK = ΣKL +Σ
K
R
and
〈x|ΣKl (ω) |x′〉 = −2iv γlΘ (|x− xl| − a) δ (x− x′) tanh
[
βl
2
(ω − µl)
]
σ0, (SM–40)
this yields
〈x|GK (ω) |x′〉 =
∑
l=L,R
ˆ
Il
dy 〈x|GR (ω) |y〉 〈y|ΣKl (ω) |y〉 〈y|GA (ω) |x′〉 . (SM–41)
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For x, x′ ∈ I0 one gets
〈x|ρ+ (ω) |x′〉 = (SM–42)
1
2piv
tanh
[
βL
2
(ω − µL)
]
sinh (2aγL)
sinh [2a (γL + γR)]
(
e2aγRuL,0
(
ωv−1
)
eiωv
−1(x−x′) uL,−2
(
ωv−1
)
eiφLeiωv
−1(x+x′)
uL,2
(
ωv−1
)
e−iφLe−iωv
−1(x+x′) e−2aγRuL,0
(
ωv−1
)
e−iωv
−1(x−x′)
)
1
2piv
tanh
[
βR
2
(ω − µR)
]
sinh (2aγR)
sinh [2a (γL + γR)]
(
uL,0
(
ωv−1
)
e−2aγLeiωv
−1(x−x′) uL,0
(
ωv−1
)
eiφLeiωv
−1(x+x′)
e−iφLuL,0
(
ωv−1
)
e−iωv
−1(x+x′) e2aγLuL,0
(
ωv−1
)
e−iωv
−1(x−x′)
)
.
For |x| , |x′|  L/2 and L→∞, we obtain
〈x|ρ+bulk (ω) |x′〉 ≡ 〈x+ L/2|ρ+ (ω) |x′ + L/2〉 =
1
2piv
tanh
[
βL
2
(ω − µL)
]
sinh (2aγL)
sinh [2a (γL + γR)]
(
e2aγReiωv
−1(x−x′) 0
0 e−2aγRe−iωv
−1(x−x′)
)
+
1
2piv
tanh
[
βR
2
(ω − µR)
]
sinh (2aγR)
sinh [2a (γL + γR)]
(
e−2aγLeiωv
−1(x−x′) 0
0 e2aγLe−iωv
−1(x−x′)
)
;
(SM–43)
〈x|ρ+left (ω) |x′〉 ≡ 〈x|ρ+ (ω) |x′〉 =
1
2piv
tanh
[
βL
2
(ω − µL)
]
sinh (2aγL)
sinh [2a (γL + γR)]
(
e2aγReiωv
−1(x−x′) e−2(aγL+aγR)eiφLeiωv
−1(x+x′)
e−2(aγL+aγR)e−iφLe−iωv
−1(x+x′) e−2aγRe−iωv
−1(x−x′)
)
+
1
2piv
tanh
[
βR
2
(ω − µR)
]
sinh (2aγR)
sinh [2a (γL + γR)]
(
e−2aγLeiωv
−1(x−x′) eiφLeiωv
−1(x+x′)
e−iφLe−iωv
−1(x+x′) e2aγLe−iωv
−1(x−x′)
)
;
(SM–44)
〈x|ρ+right (ω) |x′〉 ≡ 〈x+ L|ρ+ (ω) |x′ + L〉 =
1
2piv
tanh
[
βL
2
(ω − µL)
]
sinh (2aγL)
sinh [2a (γL + γR)]
(
e2aγReiωv
−1(x−x′) eiφReiωv
−1(x+x′)
e−iφRe−iωv
−1(x+x′) e−2aγRe−iωv
−1(x−x′)
)
+
1
2piv
tanh
[
βR
2
(ω − µR)
]
sinh (2aγR)
sinh [2a (γL + γR)]
(
e−2aγLeiωv
−1(x−x′) e−2(aγL+aγR)eiφReiωv
−1(x+x′)
e−2(aγL+aγR)e−iφRe−iωv
−1(x+x′) e2aγLe−iωv
−1(x−x′)
)
;
(SM–45)
2.5 – Bulk in the L→∞ limit
In the limit L → ∞, the correlation functions within the bulk region becomes translational invariant
〈x|ρ±bulk (ω) |x′〉 = 〈x− y|ρ±bulk (ω) |x′ − y〉. One can thus consider the Fourier transformed quantities:
ρ±bulk (ω, q) =
ˆ
dxdx′ e−iq(x−x
′) 〈x|ρ±bulk (ω) |x′〉 . (SM–46)
Explicitly we obtain
ρ±bulk (ω, q) =
(
ρ±L (ω, q) 0
0 ρ±R (ω, q)
)
, (SM–47)
with
ρ−L (ω, q) = δ (ω − vq) ,
ρ−R (ω, q) = δ (ω + vq) ,
ρ+L (ω, q) = FL (ω) δ (ω − vq) ,
ρ+R (ω, q) = FR (ω) δ (ω + vq) ,
11
where
FL (ω) = bL tanh
[
βL
2
(ω − µL)
]
+ (1− bL) tanh
[
βR
2
(ω − µR)
]
(SM–48)
FR (ω) = (1− bR) tanh
[
βL
2
(ω − µL)
]
+ bR tanh
[
βR
2
(ω − µR)
]
(SM–49)
and
e4aγL =
1− bR
1− bL ,
e4aγR =
bL
bR
.
For the tight binding model, with r and r′ in the middle of the wire, we obtain
ρ±rr′ (ω) ' a0
ˆ Λ
−Λ
dq
2pi
[
ρ±L (ω, q) e
iqa0(r−r′)eikF(r−r
′) + ρ±R (ω, q) e
iqa0(r−r′)e−ikF(r−r
′)
]
, (SM–50)
or inverting the Fourier transform
ρ±k (ω) = ρ
±
L
[
ω, (k − kF) a−10
]
Θ (|k − kF| < Λa0) + ρ±R (ω, k + kF) Θ (|k + kF| < Λa0) . (SM–51)
where k ∈ [0, 2pi] .
The single particle density matrix, defined by
%rr′ (t) =
〈
c†r (t) cr′ (t)
〉
, (SM–52)
that in the steady state is given by
%rr′ = −pi
ˆ
dω
2pi
ρ+r′r (ω) +
1
2
δrr′ ,
can be approximated by
%rr′ =
ˆ pi
−pi
dk
2pi
e−i(r−r
′)knk (SM–53)
with nk the occupation number of the mode k given by
nk '

1 −kF + a0Λ < k < kF − a0Λ;
1
2
{
1− FL
[
v
a0
(k − kF )
]}
for kF − a0Λ < k < kF + a0Λ;
0 kF + a0Λ < k ∨ k < −kF − a0Λ;
1
2
{
1− FR
[
v
a0
(−kF − k)
]}
for − kF − a0Λ < k < −kF + a0Λ;
.
3 – IDENTIFICATIONS WITH THE TIGHT-BINDING MODEL II - φl AND γl
3.1 – Self-energies
In the tight-binding model the self-energy contribution due to the reservoirs is given by
Σ
R/A
TB,rr′ (ω) = ∓i
∑
l
Σ
R/A
TB,rr′;l (ω)
where
Σ
R/A
TB,rr′;l (ω) = ∓i (Γlδr′rlδrrl)
is the contribution from the reservoir l and Γl the hybridization constant [40]. The Keldysh component writes
ΣKTB,rr′ (ω) =
∑
l
tanh
[
βl
2
(ω − µl)
] [
ΣRTB,rr′,l (ω)− ΣATB,rr′,l (ω)
]
.
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3.2 – Determination of φl
The tight-binding Hamiltonian, given by
HTB = −t
[(
N−2∑
r=0
|r〉 〈r + 1|
)
+ h.c.
]
, (SM–1)
has wave functions of the from
ψ (r) = 〈r |ψk〉 = Aeikr +Be−ikr, (SM–2)
and the dispersion relation
εk = −2 cos (k) . (SM–3)
Quantization condition for the momentum can be obtained imposing 〈r = 0|HTB |ψk〉 = εk 〈0 |ψk〉 and
〈r = N − 1|HTB |ψk〉 = εk 〈N − 1 |ψk〉 and are equivalent to the relations
ψ (−1) = ψ (N) = 0. (SM–4)
For the wave function expanded around kF
〈r |ψk〉 ' eikF r 〈x = a0r |ψL〉+ e−ikF r 〈x = a0r |ψR〉 , (SM–5)
this implies, in the limit a0 → 0, a0N → L,
e−ikF 〈0 |ψL〉+ eikFr 〈0 |ψR〉 = 0, (SM–6)
eikFLa
−1
0 〈L |ψL〉+ e−ikFLa
−1
0 〈L |ψR〉 = 0, (SM–7)
yielding to the phase shifts
φL = 2kF − pi, (SM–8)
φR = −2kFLa−10 − pi. (SM–9)
3.3 – Determination of γl
The eigensystem of
KTB = −t
[(
N−1∑
r=1
|r〉 〈r + 1|
)
+ h.c.
]
− i (ΓL |1〉 〈1|+ ΓR |N〉 〈N |) ,
that is the tight binding version of theK operator, can be obtained in a similar way to the one of the previous section.
The spectrum of KTB is obtained imposing 〈r = 0|HTB |ψk〉 = εk 〈0 |ψk〉 and 〈r = N − 1|HTB |ψk〉 =
εk 〈N − 1 |ψk〉, and yields to [
te−ik − iΓL
teik − iΓL
] [
te−ik − iΓR
teik − iΓR
]
= e2ikN .
Assuming k = k0 + ∆kN where k0 is a solution of the equation
e−4ik0 = e2ik0N , (SM–10)
i..e.
k0 =
pi
L+ 1
n (SM–11)
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and ∆k is of order 1/N , we obtain
∆k =
1
2
tan−1
{
sin (2k0)
[(
Γ2R + Γ
2
L
)
+ 2 cos (2k0) Γ
2
LΓ
2
R
]
Γ2LΓ
2
R cos (4k0) + (Γ
2
L + Γ
2
R) cos (2k0) + t
2
}
(SM–12)
+
1
4
i
[
ln
(
−Γ
2
Lt
−2 − 2t−1 sin k0ΓL + 1
Γ2Lt
−2 + 2t−1 sin k0ΓL + 1
)
+ ln
(
−Γ
2
Rt
−2 − 2t−1 sin k0ΓR + 1
Γ2Rt
−2 + 2t−1 sin k0ΓR + 1
)]
.
Therefore near k0 = kF we get
Imq = a−10 Im (k0 − kF ) (SM–13)
= −1
4
i
1
a0N
[
ln
(
−Γ
2
Lt
−2 + 2t−1 sin kFΓL + 1
Γ2Lt
−2 − 2t−1 sin kFΓL + 1
)
+ ln
(
−Γ
2
Rt
−2 + 2t−1 sin kFΓR + 1
Γ2Rt
−2 − 2t−1 sin kFΓR + 1
)]
. (SM–14)
Identifying this expression with the quantization condition of the continuum model given by Eq.(SM–19) we obtain
aγl =
1
4
ln
(
−Γ
2
l t
−2 − 2t−1 sin kFΓl + 1
Γ2l t
−2 + 2t−1 sin kFΓl + 1
)
(SM–15)
that for Γl  1 can be approximated by aγl ' sin kFΓl.
3.4 – Numerical results for the two-point function
Fig. 4 shows the one-point functions ρ±rr′ (ω) as a function of ω for a finite system. The sharp features with
frequency are signatures of the discrete spectrum of the finite chain in the absence of the leads and, in the spectral
function ρ−rr′ (ω), they become δ-functions in the limit ΓL,ΓR → 0. The infinite volume approximation washes out
the rapid variations by averaging over small energy window of the order of the level spacing before taking the L→∞
limit, see Eq.(SM–33).
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Figure 4. One-point functions ρ±rr′ (ω) as a function of ω computed for r
′ = r (left panel) and r′ = r+ 1 (right panel) and for
r = 250, L = 501, ΓL = 0.5t, ΓR = 0.2t, εF = 0.9t, V = 0.1t, and TL = TR = 0.01t. The black dots are obtained numerically
using the tight-binding model. The black curves are obtained from the continuum limit for finite L using Eqs. (SM–31,SM–42).
The infinite volume limit is obtained form Eqs.(SM–37-SM–39) and Eqs.(SM–43-SM–45).
4 – ENTANGLEMENT ENTROPY
4.1 – Derivation
The entanglement entropy of a region Σ is defined as
SΣ = −tr (ρˆΣ ln ρˆΣ) (SM–1)
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where ρˆΣ = trΣ¯ρˆ is obtained from the total density matrix ρˆ by trancing out the degrees of freedom belonging Σ¯, the
complement of Σ. In the following we consider a region of size ` in the central region of the wire
Σ` = {r : r ∈ [(L− `) /2, (L+ `) /2]} , (SM–2)
and we denote S` = SΣ` . Since the model is Gaussian we have
S` = tr [s (%`)] (SM–3)
for
s (ν) = −ν ln ν − (1− ν) ln (1− ν) (SM–4)
with
%` =
∑
rr′∈Σ`
|r〉 %rr′ 〈r′| (SM–5)
We follow Ref. [41] and write
S` =
1
2pii
˛
dz s (ν) tr
[
1
z − %`
]
=
1
2pii
˛
dz s (ν) ∂z ln det [z − %`] (SM–6)
The determinant can be calculated, asymptotically for ` → ∞, following Ref. [41] and using known results for
approximating the determinant D` [φ] = det [z − %`] of the Toplitz-like matrix z − %` with symbol
φ (k) = z − nk. (SM–7)
For the case TR, TL 6= 0 the symbol φ is smooth everywhere and thus the Szegö limit theorem yields to
D` [φ] ' ESz [φ] e`
´
dθ
2pi lnφ(θ), (SM–8)
where ESz [φ] is an ` dependent constant, which gives
S` = −`
∑
l
ˆ ∞
−∞
dk
2pi
s [nk] + c
te. (SM–9)
For the case TR, TL = 0 we have
nk '

1 −kF + a0Λ < k < kF − a0Λ
bL for kF − a0Λ < k < kF + a0Λ
0 kF + a0Λ < k ∨ k < −kF − a0Λ
bR for − kF − a0Λ < k < −kF + a0Λ
. (SM–10)
As the symbol φ is not smooth and we have to use the Fisher-Hartwing conjecture[41] :
D` [φ] ' EFH [φ] e`V0+ln(`)
∑m
j=0(α
2
j−β2j ), (SM–11)
with EFH [φ] an ` independent constant where βi and V (θ) are defined by
φ (θ) = eV (θ)ei
∑m
i=0 βi(θ−θi)e−pi
∑m
i=0 βisgn(θ−θi)
∣∣∣∣2 sin(θ − θi2
)∣∣∣∣2αj , (SM–12)
and
V0 =
ˆ
dθ
2pi
V (θ) ,
is the regular part. For our case we use the definitions
θ0 = 0; θ1 = kF − ∆
2
; θ2 = kF +
∆
2
; θ3 = 2pi − kF − ∆
2
; θ4 = 2pi − kF + ∆
2
; (SM–13)
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and
β0 = 0; (SM–14)
β1 =
1
2pii
[log(z − 1)− log (z − bR)] ;β2 = i
2pi
[log (z − bR)− log(z)] ;
β3 =
1
2pii
[log(z)− log (z − bL)] ;β4 = 1
2pii
[log (z − bL)− log(z − 1)] ;
and
eV (z) = (z − 1) 2kF−∆2pi z −∆−2kF+2pi2pi (z − bL) ∆2pi (z − bR) ∆2pi . (SM–15)
The entanglement entropy is therefore given by
S` = `
[
1
2pii
˛
dz s (z) ∂zV0
]
+ ln (`)
 1
2pii
˛
dz s (z) ∂z
m∑
j=0
(
α2j − β2j
) (SM–16)
=
`∆
2pi
[s (bL) + s (bR)] + ln (`)
[
1
3
− s˜ (bL)− s˜ (bR)
]
+ cte, (SM–17)
where
s˜ (b) =
1
24
+
1
4pi2
[
(2b − 1) [Li2 (1− b)− Li2 (b)] + (1− b) log2 (1− b) + b log2 (b) + log (b) log (1− b)
]
(SM–18)
The contour of integration in Eq. (SM–16) contains the segment z ∈ [0, 1].
4.2 – Additional numerical results
Fig.5 depicts the ` and the ln ` coefficients of the entanglement entropy S`, respectively γV and γ˜V , as a function
of the voltage. The numerical results obtained for the tight-binding model are seen to converge to the analytic curves
predicted by the continuum model. We observe that γV ∝ |V | and that γ˜V is V -independent for V 6= 0. At V = 0 we
recover the equilibrium result γ˜V = 1/3.
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Figure 5. Volume, γV , and logarithmic,γ˜V , coefficients of the entanglement entropy as a function of the applied voltage V
computed for ΓL = 0.02t, ΓR = 0.01t, εF = 0.3t, and TL = TR = 0.
5 – TWO PARTICLE CORRELATION FUNCTIONS
The charge susceptibility, on the Keldysh contour γ, is defined as
χ (zr, z′r′) = −i
[〈
Tγc
†
r(z
+)cr(z)c
†
r′(z
′+)cr′(z′)
〉
− 〈Tγc†r(z+)cr(z)〉 〈Tγc†r′(z′+)cr′(z′)〉] , (SM–1)
where the z+ denotes a point coming infinitesimally later then z along γ. Due to the Gaussian nature of the model
χ (zr, z′r′) = −iGr′r (z′, z)Grr′ (z′, z) . (SM–2)
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The grater and lesser components are given by χ>,< (tr, t′r′) = χ (z = tr, z′ = t′r′) with z respectively after or before
z′. For the r and r′ in the middle of the wire , using the approximated translational invariant Green’s functions, we
obtain:
χ><r,r′ (t, t
′) = −i [G<>L (t′x′, tx)G><L (tx, t′x′) +G<>R (t′x′, tx)G><R (tx, t′x′)] (SM–3)
−i
[
G<>L (t
′x′, tx)G><R (tx, t
′x′) e−i2kF (r−r
′) +G<>R (t
′x′, tx)G><L (tx, t
′x′) ei2kF (r−r
′)
]
with x = ra0 , x′ = r′a0 and Gl (zx, z′x′) = −i
〈
Tγψl(zx)ψ
†
l (zx)
〉
, since the cross terms
〈
TγψR(zx)ψ
†
L(zx)
〉
vanish.
Defining
Gal (tx, t
′x′) =
ˆ
dω
2pi
ˆ
dq
2pi
e−iω(t−t
′)eiq(x−x
′)Gal (ωk) (SM–4)
we have that, for the quantities χ±p (ν) = − 12pii
[
χ>p (ν)± χ<p (ν)
]
,
χ±p (ν) =
[
χ±LL
(
ν, a−10 p
)
+ χ±RR
(
ν, a−10 p
)]
+ χ±LR
[
ν, a−10 (p− 2kF )
]
+ χ±RL
[
ν, a−10 (p+ 2kF )
]
(SM–5)
with
χ±ll′ (νq) = −
1
2pii
[
χ>ll′ (νq)± χ<ll′ (νq)
]
= −pi
ˆ
dω
2pi
ˆ
dk
2pi
[
ρ±l (ωk) ρ
+
l′ (ω − ν; k − q)− ρ∓l (ωk) ρ−l′ (ω − ν; k − q)
]
. (SM–6)
Explicitly, we obtain
χ+LL (νq) = −
1
2v
δ (ν − vq)
ˆ
dω
2pi
[FL (ω)FL (ω − ν)− 1] , (SM–7)
χ+RR (νq) = −
1
2v
δ (ν + vq)
ˆ
dω
2pi
[FR (ω)FR (ω − ν)− 1] , (SM–8)
χ+LR (νq) = −
1
2v
1
2pi
[
FL
(
vq + ν
2
)
FR
(
vq − ν
2
)
− 1
]
, (SM–9)
χ+RL (νq) = −
1
2v
1
2pi
[
FR
(−vq + ν
2
)
FL
(−vq − ν
2
)
− 1
]
, (SM–10)
and
χ−LL (νq) = −
1
2v
δ (ν − vq)
ˆ
dω
2pi
[FL (ω − ν)− FL (ω)] , (SM–11)
χ−RR (νq) = −
1
2v
δ (ν + vq)
ˆ
dω
2pi
[FR (ω − ν)− FR (ω)] , (SM–12)
χ−LR (νq) = −
1
2v
1
2pi
[
FR
(
vq − ν
2
)
− FL
(
vq + ν
2
)]
, (SM–13)
χ−RL (νq) = −
1
2v
1
2pi
[
FL
(−vq − ν
2
)
− FR
(−vq + ν
2
)]
. (SM–14)
